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Abstract 

The scattering amphtude in the dual model with Mandelstam analyticity and 
trajectory a{s) = ao — 7ln [(1 + /3-y/i^P^)/(l + is studied in the limit 
s,\t\ — > oo, s/t = const. By using the saddle point method, a series decomposi- 
tion for the scattering amplitude is obtained, with the leading and two sub-leading 
terms calculated explicitly. 
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1 Introduction: Wide-angle scattering in QCD 

Although attempts to apply perturbative QCD to wide-angle elastic hadron scatterings 
have been undertaken in a number of papers [1-10], explicit predictions have been available 
only for elastic processes involving external photons, such as 7 + 7 — > hadrons, Compton 
scattering of hadrons, etc. 

Predictions based on perturbative QCD rest on three premises: 1) hadronic interac- 
tions become weak at small invariant separation r <S ^^cd'i 2) the perturbative expansion 
in as{Q) is well-defined; and 3) factorization, implying that all effects of coUinear sin- 
gularities, confinement, non-perturbative interactions and bound state dynamics can be 
isolated at large momentum transfer in terms of the (process independent) structure func- 
tions Gi/H{x, Q), fragmentation functions DH/i{z, Q) or, in the case of exclusive processes, 
distribution amplitudes Q). Consequently the hadronic scattering amplitude takes 

the form 

^ = / X\(l)H{xi,Q)T{xi,pH]Q)[dxi] , (1) 

where Q) is a universal distribution amplitude which gives the probability amplitude 
for finding the valence qq or qqq in the hadronic wave function coUinear up to the scale 
Q = y^, and T is the hard scattering amplitude for valence quark collisions. 

The technical complication which has made particularly difficult to compute the behav- 
ior of hadron-hadron amplitudes is the possibility of multiple scatterings. The standard 
factorized form for the elastic scattering of hadrons {i} is 

l- i ^ 

Ai{s,t)= ll[dxi](i)i{xi)T{{xi},s,t) , (2) 

where Xi represents collectively the fractional momenta of hadron i carried by its valence 
partons. 

According to this concept, all of the partons collide in a small region of the space-time 
of typical dimension Q~^. The relevant contribution to the amplitude behaves according 



to the dimensional counting [ffl, 0], i.e. 



A,is,t)r^i^r/'-'Ms/t) (3) 
s 

for n partons participating in the hard scattering, /i representing hadronic mass scales, 
which make the amplitude dimensionless. 

An extension of this "single-scattering" scenario is the (double) "independent- scatter- 
ing" picture, due to P. Landshoff 0, in which two pairs of partons scatter independently 
off two scattering centers. According to this picture, the lowest order diagrams contribute 
with 

/ ,,2x (n-m+l)/2-2 

AUs,t)r^[^^j Us/t), (4) 

where m is the number of independent scatterings. If so, the multiple scattering should 
dominate in the case of wide angle scattering. 



A solution to this problem was pointed out in Refs. |g and |TT[, where it was shown 
that the Sudakov logarithms associated with the rescattering diagrams do not cancel. In 
the leading logarithmic approximation they exponentiate to suppress the typical double 
scattering contribution by a factor 

exp(— const In Q^ln(lnQ^)) , 

characteristic of the Sudakov suppression in QCD. 
More quantitatively [0, 

I/O \l-2cln(l/r) 

A^-Uir^) > (5) 



y^QCD 

where 

r = 2c/(l + 2c) , c = 32/(33 - 2nf) , 

and ^/ is the number of flavors. Interestingly, for Uf = 3 the power turns out to be Q~^'^, 
nearly the same as the dimensional counting power in the single-scattering scenario. 



Higher order diagrams were calculated e.g. in Ref. 0, however soon it became evident 
that even the first order QCD correction involves an immense number of Feynman dia- 
grams, so further attempts to go beyond the simple quark counting rule were abandoned. 

It may be that perturbative QCD is not the relevant (or not the only physically 
interesting) expansion of the wide-angle scattering amplitude. Recent developments in 
M-branes (see e.g. Ref. citepolchinski) may open new prospects in the realization of a 
hypothetical duality between small and large distances (or, equivalently, large- and small- 
angle scattering). The search for a relevant expansion parameter is of crucial importance 
on this way. 

In this paper we are solving an " inverse problem" : we use the known explicit expression 
of the dual amplitude with Mandelstam analyticity (DAMA), that has correct wide angle 
scaling behavior. By identifying it with that resulting from the quark counting rules, we 
then calculate two sub-leading terms in the expansion of the known full dual amplitude 
and study the behavior of the resulting series. 

2 Wide angle behavior of the dual amplitude with 
Mandelstam analyticity 



Wide-angle scaling behavior within the S*— matrix approach was discussed in Ref. |]T3 
where by means of a logarithmic Regge trajectory an interpolation from the "soft" Regge 
behavior to the "hard" scaling regime was suggested. The motivation of the logarith- 



mic trajectory came from earlier papers [|14|, where a class of dual models requiring a 
logarithmic trajectory was suggested. 

The logarithmic asymptotic behavior of the trajectory and the large angle scaling 
behavior are uniquely related also in a different class of dual models, called dual amplitudes 
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with Mandelstam analytics (DAMA) [ll5| , p!q] . The hnk between this class of models in 
the scaling limit and the parton model in the infinite momentum frame was studied in 



Ref. [T^]. In all those papers only the leading asymptotic (s, \t\ oo, s/t = const) term 
was treated. The results of different approaches vary in such details as the form of the 
scaling violation (normally, logarithmic), the form of the angular dependence f{6) and 
the way active quarks are counted. 

In this paper we calculate the sub-leading terms in the pre-asymptotic (larger s and 
\t\) behavior of DAMA. Since the model is realistic enough in the sense that it satisfies 
the general requirements of the theory (see Refs. [|1^, |16[|), we believe that our result is 
universal and thus it may be used as a guide e. g. in QCD calculations. 

Apart from the leading term, we have explicitly calculated two more sub-leading terms. 
Our technique allows further calculations of still higher orders, but the obtained first three 
terms of the series already show a regular trend that may be interpreted as the expansion 
in the running coupling constant g{s) ~ 1/lns, valid at large s and \t\. This situation 
takes place for anyone trajectory with the logarithmic asymptotic. 

The aim of the present paper is two- fold. First, by identifying the leading term of 
the asymptotic (wide-angle) expansion of DAMA with that derived from perturbative 
QCD [0 we tentatively assume that the DAMA in the wide angle asymptotic region is 
equivalent to the asymptotically free regime in QCD. With this identification in mind, we 
calculate within DAMA corrections to the leading term in the hope that their form may 
give some insight into the relevant corrections in perturbative QCD that are known to be 
very complicated. 

Clearly, the above identity has the chance to be true only in the vicinity of the wide 
angle region (small distances), where perturbative calculations are assumed to be still 
valid. 
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The second aspect is purely phenomenological. Since, however, the experimental sit- 
uation in the wide-angle region did not change for almost two decades, we are left with 
the earlier fits to the data. 

Let us now calculate the "perturbative " expansion of DAMA. We write the elastic 



scattering amplitude for spinless particles in the following symmetric form |[16[| : 

A{s,t,u) = C{s-u)[D{s,t) - D{u,t)] , (6) 
where C is a constant and 



Dis,t)=ldxl- l-^ . (7) 







Here s' = s{l — x), t' = tx and g is a, dimensionless parameter, g > 1. Only one, 
leading trajectory was included and it was chosen in a simple, but representative form: 



that account both for the threshold and the asymptotic behavior and is nearly linear for 
very small |s| << sq • For simplicity we have included only the leading trajectories in 
both channels: the Pomeron trajectory in the t-channel and the exotic trajectory in the 
s-channel. While the parameters of the Pomeron trajectory are well known, only a little 
is known about the exotic trajectory. Fortunately, this has no substantial effect on our 
results, since our goal is the functional form of the series and its individual terms rather 
than fits to the data. Given the scarcity of the data and the freedom available in the 
model, the wide-angle behavior of DAMA cannot be determined completely. 

Let us consider the asymptotic behavior of Eq. (0) in the limit s, |t| — >• oo, s/t = const. 
For the Regge trajectories we have 

a{s) = a{0) — — In 5 + in— — — In s = —a — A , (9) 



a{t) = a{0) - ^ In 52 _ 2 In ("-i") - 2 In s = -6 - A 



(10) 



with 



-«(0) + ^ In 5' - «7r^ , b = -«(0) + ^ In 5^ + 2 ln(--; 



A = 2 In s 
2 



11) 



From here on, s,t,u will be dimensionless variables, measured in units of sq. 

In this domain the saddle point method can be used to calculate the integral in Eq. 
21 1 . To do this we can rewrite Eq. in the following form 

1 



D{s,t) = (2^)-'^-^-2V^"^ 
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(12) 



where we have changed the variable x to m, x = (1 — 'u)/2, and introduced new functions: 



giu) = il~ur{l+u)''e 



(13) 



a = a — - In fif 
2 ^ 



f{u) = ln(l - 

7 
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b = b In fif . 

2 ^ 



(14) 
(15) 



We see now that f{u) has a sharp maximum at the saddle point uq = 0. 

We quote the explicit expression for the saddle point expansion in the [Appendix A 



Using formulas from this Appendix we obtain the power series for D{s,t) in [Appendix B 
It reads 



Dis,t) 



i'-'a j ^ h,{~a,b) ^ h2{a,b) \ 
s/ \ 7 Ins (7lns)^J ' 



(16) 



V7 Ins 

where Ai, hi, h2 are given by the expressions ( [B.5[ , [B.8[ , [B.9| ). The expression for D{u,t) 
can be calculated in a similar way (see Eq. ( [B.1U| ) in [Appendix Ij| ). 

In the kinematical region s, \t\ — > 00, t/s = const we can use the substitutions 



-s ■ sin^ (9/2) 



u 



-s ■ cos^ (9/2) 



(17) 



Substituting the results for D{s, t) and D{u, t) into Eq. (P) and changing the variables 
we get the expression for the full amplitude as a function of the s and 6 variables (see 
Eq. (|B.14|) in [Appendix Bj) : 



V7 Ins 



where A, N, f{6), I{s, 9) are given by the expressions ( |B.13| , p.l5| - p.l7| ) 



To summarize, we have expanded the wide-angle scattering amplitude in a power series 
of 1/ In s and have evaluated explicitly the coefficients of the first two terms (beyond the 
leading one). 

3 Comparison with the data and discussion of the 
results 

New experimental data on wide-angle scatterings are not likely to appear any more be- 
cause of the simple reason that as energy increases more particles tend to fiy in the forward 
direction and there is no chance to detect e.g. the proton-proton differential cross section 
at 90° for, say, ^/s > 10 GeV . "Wide angles", of course, extend beyond 90°. Still the 
complication due to the huge number of Born diagrams contributing to large angle exclu- 
sive reactions overwhelming the contribution due to the Landshoff pinch singularity 
[^, will remain for long topical in this field. We use the data given in the compilation of 
^Of to fix the scale. The errors, quoted in the original papers (see Ref. [^] and references 



therein), are typically about 10 overall normalization factor, the "quark counting power" 
in the cross section being set equal to = 4 in the case of proton-proton cross section, 
in agreement with the data pO| , ^ (see Fig. 0). 

Our main goal is the behavior of the scaling-violating corrections to the leading term 
obeying quark counting rules. Fig. shows the relative contribution of these terms. We 




s, [GeV^] 

Figure 1: Cross section ^ for pp — + pp scattering at various center of mass scattering angles. Both 
axes are in fogarithmic scale. Stars denote the experimental points from Ref. |20j. The straight lines 
correspond to a falloff of ^ l/s^*'. They are calculated according to the power series for the scattering 
amphtude, discussed above — j^j2\A{s,9)\'^), with the following set of parameters: ao = 1, = 
4, 7 = 2.84 (.9 = 2.9), f3 ^ 0.05 GeV-\ C = 2.7 ■ 10""Gey-2 and sq = Ami. 



draw the correction power series: 

j{s,e) = \i{s,9)\' 



7ln s 



(7 Ins) 



(7 In s) 



(19) 



where fiiO), f2{6), Z{6) are given by expressions ( |B.18| - |B.20| ). We can see that the 
corrections are quite large for small s, especially for angles close to 90*^. That is not a 
surprise, since the lowest order of our expansion is valid for large s (7lns/2 >> 1). In 
the experimental energy interval the corrections give factor 4 — 6 to the cross sections and 
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should not be neglected. This was missed in the references |T6|. Moreover we find 
that the corrections are very sensitive to variations of (3 and 7. 



-25 





10^ 10^ 



10^ 10^ 




10^ ltf 




10^ ltf 



38' 



10' 



N* 



10^ 



s, [GeV ] 

Figure 2: The corrections J[s,9), given by Eq. (p^), to the differential cross section ^ for pp pp 
scattering . We have used the same values of parameters as in Fig. |l|: ao = 1, iV = 4, 7 = 2.84 (17 = 2.9), 
13 — 0.05 GeV~^ and sq — 4mJ, coming from the comparison with the data. 
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Appendix A: Coefficients in the saddle point method 



In this Appendix we present the exphcit expression for the saddle point expansion from 

Ref. m. Here /^(mo) = h , Q^^'Kuo) = 9k • 
1 

, , . ., , PtF r Ai rin 1 

(A.l) 



g(u) e^^(")du = e^^("o\/^ 
^ ' V A 



where 



a2 



32 



(A.2) 



-T 5 "^2 = --/3/2 ^1 , V'S 
-/2 O 



^4 



"g/sA ^ + fif'if2 ^ ~ g/3/2 ^ 



35 



7 J 3 J 2 o i4j3 J2 



(A.3) 



Appendix B : Calculations of the scattering amplitude 



Using the definitions of functions g{u), f{u) ([T3| , |Tj) we obtain 



/2 = -2, /3 = 0, /4 = -12, /5 = 0, /6 = -240 



(B.l) 



7111^ 2 

5-0 = 6^ , g2= go 



^5-6)2-(S + 6) + 27(ln2-l) 



^4 = ^0 a(a - - 2)(a - 3) - 4a(a - l)(a - 2)6 + 6a(a - 1)6(6 - 1) - 4a6(6 - 1)(6 - 2) + 
6(6 - 1)(6 - 2)(6 - 3) + 127 Uh - bf - (a + 6)) (ln2 - 1) + 1272(ln2 - 1)^ 



+27(61n2-5)] . 



(B.2) 
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From Eq. ^) we get 



3 25 



Finally we get 



D{s,t) 



1/7 In s V s 



/(a, 6, s) 



where 



^1 = (2^?) 



2qo— 7 In (5^+7 In 2+i-K'~f/2 



I{a, b, s) 



Ni=^ln2g , 
_^ hi{a,b) ^ h2{a~h) 



7 Ins (7lns)^j ' 
Coefficients hi{a,b), h2{a,b) are calculated from ( |A.2| , |B.2| , [B.3D 

'3 5-2 \ 



/ii(a,6) = - 



4 2(70, 



(B.3) 

(B.4) 

(B.5) 
(B.6) 
(B.7) 



^ ^32 8go 8go J 
The expression for D{u,t) can be calculated in a similar way. It turns out to be 



(B.8) 
(B.9) 



(BJO) 



where 



A2 = {2g) 



c = c-'^\ng = -a(0) + |ln(5^ + 2 ~ 2 ^"^^ ' 



(B.ll) 



Substituting Eqs. ( p.4| ) and (P.1CI| ) into Eq. (H) we get the expression for the full 
amplitude: 
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A{s, t, u) ^ C—-j=== {s - u)so I {2gy-^ (^--j I{a, 6, s) 



Iic,b,s)\ , (B.12) 



where 



In the kinematical region s, \t\ oo, t/s = const we can use the substitutions (|T7|). 
So, the expression for the scattering amphtude as a function of s and 9 appears to be 

A(s,9)^C^=f {9)1(3,9) , (B.14) 
V7 Ins 



where 



N = Ni-l=-f\n2g-l , (B.15) 

/W= (l + cos^^) (sin^^ ' '^W, (B.16) 

= hiaM'^g)'^ -hiidM^g)-''^''"'^ , (B.18) 

/2W = /i2(a,6)(2(^)'^ -/i2(5,6)(2(7)-^^°^°^^ , (B.19) 

Z (0) = (20)"^ - {2g)-^^''^°' i , (B.20) 

b = -"(0) + I In 52 + I In (^sin^ (^^^^ _ 2ln^ , (B.21) 

g = -a(0) + 2 In 52 + ^ In f cos^ f - | ) - 2 In^ . (B.22) 
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